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THE KOBAYASHI-ROYDEN METRIC AND THE WU METRIC ON
THE PUNCTURED SPHERES
GUNHEE CHO, JUNQING QIAN
Abstract. We derive a precise asymptotic expansion of the Kobayashi-Royden
metric and the Wu metric on the punctured Riemann sphere CP1 − {a1, . . . , an}
with three or more omitting points, and we also show that these two metrics co-
incide with the complete Ka¨hler-Einstein metric as Finsler and Hermitian metrics,
respectively. As an application, we show that the Kobayashi-Royden metric and
the complete Ka¨hler-Einstein metric are equivalent but different on l-product punc-
tured Riemann spheres for l ≥ 2. We provide the punctured spheres with 3 and 12
omitting points as concrete examples of the explicit metrics.
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1. Introduction
This paper deals with the asymptotic expansion of the Kobayashi-Royden metric
and the Wu metric on the punctured sphere CP1 − {a1, ..., an}, which is a natural
consequence from the second author’s paper [Qia19].
Recently, D. Wu and S. T. Yau have showed that for a complete Ka¨hler manifold
(M,ω) with negative holomorphic sectional curvature range, the base Ka¨hler metric
ω is uniformly equivalent to the complete Ka¨hler-Einstein metric and the Kobayashi-
Royden metric (see Theorems 2 and 3 in [WY17]). There are results regarding the
class of Ka¨hler manifolds on which the two metrics coincide (for example see [WY17],
[Cho18] and [Yeu09]). Thus, it is meaningful to find a concrete example, other than
1
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the Poincare´ disk in Cn, such that the complete Ka¨hler-Einstein metric indeed coin-
cides with the Kobayashi-Royden metric. As a counter-example, the complex ellipsoid
E = E(m,n, p) = {(z, w) ∈ Cn × Cm : |z|2 + |w|2p < 1}, p > 1, possesses equivalent
but different Ka¨hler-Einstein metric and Kobayashi-Royden metric (see Theorem 3
in [Cho18]). We realized that the punctured sphere CP1 − {a1, ..., an}, n ≥ 3, serves
as such an example, and it is interesting itself because all other invariant metrics,
like the Carathe´odory-Reiffen metric, the Sibony metric, the Azukawa metric and
the Bergman metric, vanish everywhere on the punctured sphere. Hence it seems
interesting to know the explicit formula of the Kobayashi-Royden metric and so as
the complete Ka¨hler-Einstein metric on CP1 − {a1, ..., an}, n ≥ 3.
For connected open subsets G,G′ in Cn, a pseudometric F (z, u) : G×Cn → [0,∞)
is called invariant if F (z, λu) = |λ|F (z, u) for all λ ∈ C, and F (z, u) = F (f(z), f ′(z)u)
for any biholomorphism f : G→ G′ and this definition can be extended to an arbitrary
complex manifold. We will mostly focus on the Kobayashi-Royden metric and the Wu
metric among all invariant pseudometrics. So let us denote the Kobayashi-Royden
metric and the Wu metric on a complex manifold N at the tangent vector (p; v) by
χ
N
(p; v) and h
N
(p; v, v) respectively.
Let us use Ω to denote the (1, 1)-form associated to the Fubini-Study metric
Ω =
i
2π
dzdz
(1 + |z|2)2
in local coordinates. In [CG72], Carlson and Griffiths constructed the volume form
Φ0 = c
∏
1≤i≤3
{ϕ0(ai)[1
ǫ
− logϕ0(ai)]2}−1Ω,
where c = c(a1, a2, a3, ǫ) > 0 is a constant that depends on a1, a2, a3 and a small
constant ǫ > 0, and ϕ0(ai) is the function on CP
1 which measures the chordal distance
between z and ai. They showed that
RicΦ0 ≥ Φ0 + (1− 12ǫ)Ω,
and the metric corresponding to Φ0 establishes a lower bound for χ
CP1−{a1,a2,a3}
which
follows from the Ahlfors lemma.
In [KLZ14], H. Kang, L. Lee and C. Zeager considered the elliptic modular function
as the covering map from the half-plane to CP1−{∞, 0, 1} and estimated its derivative
to obtain the asymptotic
χ
CP1−{∞,0,1}
(p; v) ≈ 1
δ log(1/δ)
as δ → 0+, where dist(p, 0) = δ and v = 1.
From now on, let us write M = CP1 − {a1 = 0, . . . , an} for convenience, and let
π : H → M be the holomorphic covering map which vanishes at infinity. In this
paper, we use the asymptotic expansion of the modular function (see [Qia19]) to
derive explicit formulas for the Kobayashi-Royden metric and the Wu metric on M .
The following are the results of this paper.
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(1) The Kobayashi-Royden metric:
The Kobayashi-Royden metric on M = CP1 − {a1 = 0, . . . , an} is given by the
following expansion
χ
M
(p; v) = − 1|p| log | p
A
|
∣∣∣∣∣1−
(
B
A2
p− Re
(
B
A2
p
)
log
∣∣ p
A
∣∣
)
+
∞∑
m=2
Rm(p,
pspm−s
logj | p
A
|)
∣∣∣∣∣ ||v||,
where Rm(π,
pispim−s
logj | pi
A
|
) is a polynomial in π, pi
spim−s
logj | pi
A
|
, s, j = 0, 1, . . . ,m, and π ∈ M .
Also, the Kobayashi-Royden metric concides with the complete Ka¨hler-Einstein met-
ric as a Finsler metric (see Theorem 2.1 and Corollary 2.2).
(2) The Wu metric:
The Wu metric on M at π = p in the direction of v is given by
h
M
(p; v, v) = χ
M
(p; v)2
=
1
|p|2 log2 | p
A
|
∣∣∣∣∣1− 2
(
B
A2
p− Re
(
B
A2
p
)
log
∣∣ p
A
∣∣
)
+O(p2))
∣∣∣∣∣ ||v||2,
(see Corollary 3.2). In particular, the Wu metric is the same as the complete Ka¨hler-
Einstein metric as a Hermitian metric.
Lastly, we will show that on the l-punctured sphere M × · · · ×M , the Kobayashi-
Royden metric and the complete Ka¨hler-Einstein metric are different but equivalent
as Finsler metrics if l ≥ 2 (see Proposition 3.5).
2. The Kobayashi-Royden metric on the punctured spheres
Let N be a complex manifold and let D be the unit disk in C. For any point z ∈ N
and a tangent vector v ∈ TzN , the Kobayashi-Royden metric is defined as
χ
N
(z; v) = inf{ 1
α
: α > 0, f ∈ Hol(D, N), f(0) = z, f ′(0) = αv}. (2.1)
Even though the Kobayashi-Royden metric χ
N
is one of the effective invariant
metrics to the study of holomorphic maps, it is not easy to compute for arbitrary
complex manifolds (see [Wu93]). One natural way to compute χ
N
is to consider the
case when N admits a holomorphic covering π : N˜ → N , where N˜ is a complex
manifold. It is not hard to see that π becomes an isometry between N˜ and N with
respect to the Kobayashi-Royden metric due to the standard lifting argument of the
covering map π (see Exercise 3.9.8 in [JP13] and Theorem 7.3.1 in [GKK11]). We have
the following theorem regarding the relation between the Kobayashi-Royden metric
and the Ka¨hler-Einstein metric.
Theorem 2.1. Let π : N˜ → N be a holomorphic covering between two complex
manifolds N˜ and N . Assume N˜ possesses the Ka¨hler-Einstein metric ω
N˜
of negative
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Ricci curvature and the Kobayashi-Royden metric χ
N˜
and that these two metrics
coincide in the following sense√
ω
N˜
(v, v) = χ
N˜
(p; v), for any v ∈ Tp˜N˜ , p˜ ∈ N˜ .
Then N also possesses the Ka¨hler-Einstein metric ω
N
and the Kobayashi-Royden
metric χ
N
. Furthermore, the two metrics coincide on N as well and satisfy the
following relation √
ω
N
(v, v) = χ
N
(p; v) = χ
N˜
(p˜; v)
||v||
|π′(p˜)| ,
where v ∈ TpN and π(p˜) = p.
Proof. When dimN ≥ 2, due to Corollary 7.6.4 in [GKK11], the complex manifold
N has a complete Ka¨hler-Einstein metric ω
N
with negative Ricci curvature and the
holomorphic covering π is a local isometry for the Ka¨hler-Einstein metric. Therefore
the Ka¨hler-Einstein metric on N is the push-forward of ω
N˜
, i.e., ω
N
= π∗ω
N˜
. Now
let us consider dimN = 1. For a point p˜ ∈ N˜ , we have π ◦ f˜(0) = π(p˜) = p for any
f˜ ∈ Hol(D, N˜ ) with f˜(0) = p˜. Then the Kobayashi-Royden metric on N can be given
as
χ
N
(p; v) = χ
N˜
(p˜; dπ∗(v)) =
χ
N˜
(p˜; v)
|π′(p˜)| ||v||. (2.2)
An analogic formula was given as Lemma 1 in [KLZ14], but let us clarify equation
(2.2) for sake of completeness. Wihtout loss of generality, we may assume v = 1.
Consider the holomorphic map π ◦ f˜ : D → N which maps 0 to p, the following
inequality
1
|f˜ ′(0)| · |π′(p˜)| ≥ χN (p) (2.3)
is obtained from the definition of χ
N˜
(p˜; v). On the other hand, for any holomorphic
map g : D→ N with g(0) = p, we have a holomorphic lifting g˜ : D→ N˜ through the
covering π : N˜ → N . Notice that f˜−1◦ g˜(0) = 0 holds locally, and we have g˜ = π−1 ◦g
for a small neighborhood of p such that π−1 exists, then the following inequality
1
|g′(0)| ≥
1
|f˜ ′(0)| · |π′(p˜)| (2.4)
follows from the Schwarz lemma. The two inequalities (2.3) and (2.4) imply equation
(2.2). Recall that
√
ω
N˜
= χ
N˜
, therefore we have
χ
N
(p; v) = χ
N˜
(p˜; dπ∗(v)) =
√
ω
N˜
(dπ∗(v), dπ∗(v)) =
√
ω
N
(v, v),
i.e., the Ka¨hler-Einstein metric and the Kobayashi-Royden metric coincide on N . 
We recall that the complete Ka¨hler-Einstein metric |ds| = √ω on M was studied
and given explicitly in [Qia19]. Let π : H → CP1 − {a1 = 0, . . . , an} be a covering
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map for the universal covering space which has the following expansion
π(τ) = π(q
k
) = Aq
k
+Bq2
k
+ c3q
3
k
+
∞∑
m=4
cmq
m
k
, (2.5)
in q
k
= exp{2pii
k
τ}, τ ∈ H, k > 0 and A 6= 0. The Ka¨hler-Einstein metric on the
punctured sphere near a1 = 0 is given by
√
ω = |ds| = − 1|π| log | pi
A
|
∣∣∣∣∣1−
(
B
A
π
A
− Re(
B
A
pi
A
)
log | pi
A
|
)
+
∞∑
m=2
Rm(π,
πsπm−s
logj | pi
A
| )
∣∣∣∣∣ , (2.6)
where π ∈ CP1 − {a1 = 0, . . . , an}, and Rm(π, pispim−slogj | pi
A
|
) is a polynomial of π and
pispim−s
logj | pi
A
|
, s, j = 0, 1, . . . ,m.
Corollary 2.2. Let π : H → M = CP1 − {a1 = 0, . . . , an}, n ≥ 3, be a holomorphic
covering which can be given as the following expansion
π(τ) = π(q
k
) = Aq
k
+Bq
k
+
∞∑
m=3
cmq
m
k
(2.7)
in q
k
= exp{2pii
k
τ}, τ ∈ H and A 6= 0. Then the Kobayashi-Royden metric on
CP
1 − {a1 = 0, . . . , an} at π = p is given by the following expansion
χ
M
(p; v) = − 1|p| log | p
A
|
∣∣∣∣∣1−
(
B
A2
p− Re
(
B
A2
p
)
log
∣∣ p
A
∣∣
)
+
∞∑
m=2
Rm(p,
pspm−s
logj | p
A
|)
∣∣∣∣∣ ||v||, (2.8)
where Rm(π,
pispim−s
logj | pi
A
|
) is a polynomial in π, pi
spim−s
logj | pi
A
|
, s, j = 0, 1, . . . ,m.
Proof. Equation (2.7) admits an inversion series q
k
(π) in π since A 6= 0. The corollary
follows from direct calculation (see [Qia19]). 
Remark 2.3. For M = CP1 − {a1 = 0, a2, . . . , an = ∞}, n ≥ 3, we can identify
M with C1 − {a1 = 0, . . . , an−1}. Hence M is a quasi-projective algebraic manifold
which is biholomorphic to
{(x, y) ∈ C2 : y(x− a1) · · · (x− an−1)− 1 = 0}.
Hence (2.8) is an concrete example of the Kobayashi-Royden pseudometric on a quasi-
projective algebraic manifold Z which is given by
χ
Z
(p; v) = inf
C
χ
C
(p; v)
where C runs over all (possibly singular) closed algebraic curves in Z that is tangent
to v (see Corollary 1.3 in [DLS94]). Readers can find specific examples of (2.7) and
(2.8) of punctured sphere in section 4.
As an application of the asymptotic expansion of the Kobayashi-Royden metric,
we are able to decribe the complex χ
M
-geodesics on punctured Riemann sphere M
explicitely. Recall that a holomorphic map ϕ : D → G on a domain G ⊂ Cn is a
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complex χ
G
-geodesic for (z; v) if there exists λ0 ∈ D, α0 ∈ C such that z = ϕ(λ0),
v = α0ϕ
′(λ0) and χG(z; v) =
α0
1−|λ0|2
(see section 11.1 in [JP13]).
Proposition 2.4. Any complex χ
M
-geodesic f on M = CP1 − {a1 = 0, . . . , an} is
given by the following expression
f(z) = π ◦ ϕ, (2.9)
where π : H → M is a holomorphic covering and ϕ : D → H is a biholomorphic
Mo¨bius transformation.
Proof. See [JP13, Page 362, Remark 11.1.5(c)] and [JP13, Page 122, Theorem 3.3.7].

3. The Wu metric on the punctured spheres
H. Wu [Wu93] introduced the Wu pseudometric h, which is an upper semicontinu-
ous semi-definite Hermitian metric and can in particular be defined on every domain
G ⊂ Cn. The construction of the Wu pseudometric on complex manifolds was first
given in [Wu93]. Here we recall the details of the construction on domains in Cn. We
borrow the precise description of the Wu metric in [Juc02]. For a domain G ⊂ Cn let
us introduce the family of sets (Fx)x∈G, where
Fx := {f : Bn → G holomorphic |f(0) = x, f ′(0) : Cn → Cn isomorphism}.
For any f ∈ Fx, we can consider the Hermitian inner product on Cn induced by the
normalized Bergman metric:
f!β0(u, v) := β0(f
′(0)−1(u), f ′(0)−1(v)), u, v ∈ Cn.
Let Ψx := {f!β0|f ∈ Fx}. Then the family {Ψx}x∈G is a biholomorphic invariant
of G. Let Q be the space of all positive semi-definite Hermitian inner products on Cn
with the natural topology of the vector space of all sesquilinear forms on Cn. Define
the partial ordering ≪ in Q:
α≪ β if α(v, v) ≤ β(v, v) for any v ∈ Cn,
and also the set of lower bounds of Ψx:
l(Ψx) := {α ∈ Q|α≪ β for any β ∈ Ψx }.
Then l(Ψx) becomes a compact subset of Q (see Lemma 1 in [Juc02]). Let Kx be the
Kobayashi indicatrix at a point x:
Kx := {v ∈ Cn|χG(x; v) < 1},
and for any α ∈ Q, let
Bα := {v ∈ Cn|α(v, v) < 1}
be the α-ball, then Kx = ∪α∈ΨxBα (see Lemma 2 in [Juc02]). Let Vx := ∩γ∈l(Ψx){v ∈
C
n|γ(v, v) = 0} and take the orthogonal complement of Ix of the space Vx in Cn, i.e.,
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Ix ⊕ Vx = Cn. Then there exsits the unique element hx of the set l(Ψx) such that for
any choice of a basis {e1, ..., em} of the space Ix,
det[γ(ej , ek)]j,k=1,...,m ≤ det[hx(ej , ek)]j,k=1,...,m for any γ ∈ l(Ψx).
We call this unique element hx the Wu pseudometric of the domain G at the point
x. Geometrically, hx-ball is the smallest possible ellipsoid containing the Kobayashi
indicatrix.
Finally, let us recall the relation between the Wu metric and the Kobayashi-Royden
metric (see Lemma 5 in [Juc02]).
Proposition 3.1. If the Kobayashi-Royden metric is Hermitian at p ∈ G, then
hp(v, v) = χG(p; v)
2. In particular, this is the case when G ⊂ C1.
As a consequence of Corollary 2.2 and Proposition 3.1, we have the asymptotic
expansion of the Wu metric on M = CP1 − {a1 = 0, ..., an}.
Corollary 3.2. The Wu metric h on M at π = p has the following asymptotic
expansion
hM (v; v) =
1
|p|2 log2 | p
A
|
∣∣∣∣∣1−
(
B
A2
p− Re
(
B
A2
p
)
log
∣∣ p
A
∣∣
)
+
∞∑
m=2
Rm(p,
pspm−s
logj | p
A
|)
∣∣∣∣∣
2
||v||2,
where Rm(π,
pispim−s
logj | pi
A
|
) is a polynomial in π, pi
spim−s
logj | pi
A
|
, s, j = 0, 1, . . . ,m. In particular,
the Wu metric becomes the complete Ka¨hler-Einstein metric as a Hermitian metric.
The Wu metric hG is not necessarily continuous with respect to the variable in G ⊂
C
n in general. However, from Proposition 3.1, we can see the following consequence
immediately.
Proposition 3.3. The Wu metric (p;u, v) 7→ h
M
(p;u, v) is real analytic in the do-
main M × C2.
As a last part of this section, we want to compare the Kobayashi-Royden metric
and the complete Ka¨hler-Einstein metric on the l-punctured sphere M × · · · ×M ,
l ≥ 2. For this purpose, let’s obtain the Wu metric on M × · · · ×M .
Proposition 3.4. The Wu metric h on the l-punctured sphere M × · · · × M at
p = (p
1
, . . . , p
l
) has the following asymptotic expansion
hM×···×M (v, v) =
[
l∑
r=1
1
|pr |4 log4 |prA |
∣∣∣∣∣1− 4
(
B
A2
pr −
Re
(
B
A2
pr
)
log
∣∣pr
A
∣∣
)
+O(p2
r
)
∣∣∣∣∣ · ||vr||4
] 1
2
,
(3.1)
where v = (v1, ..., vl) ∈ Cl. In particular, the Wu metric hM×···×M is the l-product
metric of the Wu metric hM .
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Proof. We will assume l = 2 and the same proof will work for any l ≥ 2. If the
Kobayashi-Royden metric χ
M2
on M ×M satisfies
χ
M2
(p; v) = max{χ
M
(p1; v1), χM (p2; v2)}, (3.2)
where v = (v1, v2) ∈ C2 and p = (p1 , p2) ∈ M ×M . Notice that it is the product
formula for the Kobayashi-Royden metric, then equation (3.1) follows from [Wu93,
Page 664] and [JP05, Theorem 3]. 
Let us recall the curvature formulas in Ka¨hler-geometry for the next proposition.
Given l-dimensional Ka¨hler manifold N with the Ka¨hler metric g =
∑l
i,j=1 gijdzi⊗dzj
with a holomorphic local coordinate, the components of curvature tensor R associated
with g is written by
Rabcd = −
∂2gab
∂zc∂zd
+
l∑
p,q=1
gqp
∂gap
∂zc
∂gqb
∂zd
.
Then the Ricci curvature is defined as a 2-tensor with components
Ric(g)(
∂
∂za
,
∂
∂zb
) = −∂
2 log det g
∂za∂zb
,
and the holomorphic sectional curvature K in the holomorphic tangent vector ξ =∑l
i=1 ξi
∂
∂zi
is given by
K(ξ) =
2Rξξξξ
g(ξ, ξ)
2 =
2
∑l
a,b,c,d=1Rabcdξaξbξcξd∑l
a,b,c,d=1 gabgcdξaξbξcξd
.
The following proposition gives a comparison of those two metrics.
Proposition 3.5. On the l-punctured sphere M × · · · ×M , the Kobayashi-Royden
metric and the complete Ka¨hler-Einstein metric are different but they are equivalent
as Finsler metrics.
Proof. We will assume l = 2 and the same proof will work for any l ≥ 2. In the proof
of Proposition 3.4, we showed that the Wu metric on M2 is the product metric of the
Wu metric on M . Since the Wu metric on M is the complete Ka¨hler-Einstein metric
as a Hermitian metric, the Wu metric tensor satisfies
hM2 =
(
hM 0
0 hM
)
,
where each hM of M denotes the Wu metric of the first and the second component
of M2, the Ricci curvature Rich
M2
of hM2 satisfies
Rich
M2
=
(
RichM 0
0 RichM
)
.
Then it is not hard to see that the Wu metric on M2 must be the complete Ka¨hler-
Einstein metric. By comparing the formulas in (3.1) and (3.2), we can see that the
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Kobayashi-Royden metric is different from the complete Ka¨hler-Einstein metric on
M × · · · ×M .
To prove the equivalence of two metrics, let us evaluate the range of the holomorphic
sectional curvature of the complete Ka¨hler-Einstein metric on M2. Note that on
the unit vectors on M , the holomorphic sectional curvature of Wu metric on each
component M , which becomes the Ricci curvature. Let us denote ∂
∂zi
, i = 1, 2,
as the holomorphic local coordinate for the first and the second component of M2
respectively. We may assume that each ∂
∂zi
is the unit vector with respect to the Wu
metric on M2. Then for any unit holomorphic tangent vector ξ =
∑2
i=1 ξi
∂
∂zi
, the
following
K(ξ) = 2Rξξξξ = −c(|ξ1|4 + |ξ2|4),
holds for some constant c > 0. Since |ξ1|2+ |ξ2|2 = 1, we can see that the holomorphic
sectional curvature onM2 is negatively pinched. Hence from the Theorems 2 and 3 in
[WY17], the complete Ka¨hler-Einstein metric (so does the Wu metric) is equivalent
to the Kobayashi metric as a Finsler metric. 
Corollary 3.6. The unit disk Bl in C
l can not be the holomorphic covering of the
l-punctured sphere M × · · · ×M , l ≥ 2.
Proof. There are at least two different arguments to prove this statement. Firstly,
observe that the l - polydisk D × · · · × D becomes the holomorphic covering of M ×
· · · ×M . Since it is well known that D× · · · ×D is not biholomorphic to Bl, where Bl
is the unit disk in Cl, this implies the conclusion. The second argument is to apply
Proposition 3.5. If M × · · · ×M admits a holomorphic covering
π : Bl →M × · · · ×M,
then the Kobayashi-Royden metric must be the same as the complete Ka¨hler-Einstein
metric as stated in Theorem 2.1. 
4. Examples
The expansion (2.5) of the holomorphic covering map π is an analytic result which
leaves the coefficients A,B, cm, m ≥ 3, undetermined. In [Qia19], the second author
explicitly determined the coefficients for punctured spheres omitting 3, 4, 6 and 12
points by using the modular functions. The omitting points are actually the parabolic
points for its covering transformation group Aut(π), which has to be generated by
parabolic transformations only. The principle congruence groups Γ(2),Γ(3),Γ(4) and
Γ(5) are appropriate candidates for Riemann spheres omitting 3, 4, 6 and 12 points
respectively, i.e.,
H/Γ(N) = CP1 − {a1, . . . , an(N)}, N = 2, 3, 4, 5,
where n(2) = 3, n(3) = 4, n(4) = 6, n(5) = 12. Notice that the full modular group
Γ(1) normalizes Γ(N) in Aut(H) = SL2(R), and the weight 4 modular form, the
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Eisenstein series E4(τ), for Γ(1) is unique (Theorem 7.1 in [Qia19]). On the other
hand, if π(τ) is a modular function for a group Γ(N), then its Schwarzian derivative
{π, τ} = 2
(
π′′(τ)
π′(τ)
)′
−
(
π′′(τ)
π′(τ)
)2
is a weight 4 modular form for its normalizer Γ(1) (see Corollary 7.4 in [Qia19]).
Elementary calculation shows that {π, τ} can be given as a series in q
k
, by pairing up
the coefficients of {π, τ} and the coefficients of E4(τ), the coefficients A,B, cm,m ≥ 3,
can be determined.
Examples 4.1. In [Qia19], the holomorphic covering π : H → CP1 − {0, 1,∞} has
the following expansion
π(τ) = 16q
2
− 128q2
2
+ 704q3
2
− 3072q4
2
+ 11488q5
2
+O(q6
2
) (4.1)
in q
2
= exp{πiτ} near boundary 0. From Corollary 2.2, the Kobayashi-Royden metric
can be given by
χ
CP
1−{0,1,∞}(p; v) = −
1
|p| log |p/16|
∣∣∣∣1 + 12
(
p− Re p
log |p/16|
)
−
[
51
32
p2 − 1
4
pRe p
log |p/16| +
51
64
Re(p2)
log |p/16| +
1
4
(Re p)2
log2 |p/16|
]
+O(p3)
∣∣∣∣ ,
which coincides with the complete Ka¨hler-Einstein metric (more detail see [Qia19]).
Furthermore, Corollary 3.2 implies the Wu metric has the following asymptotic ex-
pansion
h
CP
1−{0,1,∞}(p; v, v) =
1
|p|2 log2 | p16 |
∣∣∣∣1 +
(
p− Re p
log |p|
)
+O(p2)
∣∣∣∣ ||v||2.
Examples 4.2 (CP1\{a1, a2, a3} for arbitrary a1, a2, a3). The following holomorphic
covering is obtained from the Corollary 8.8 and 8.9 in [Qia19]. Let a1, a2 and a3 be
three different points in CP1, the Mo¨bius transformation
π 7→ a1(a2 − a3)− a3(a2 − a1)π
(a2 − a3)− (a2 − a1)π = π˜
maps {0, 1,∞} to {a1, a2, a3} respectively. Then the covering map π˜ : H→ CP1\{a1, a2, a3}
for arbitrary three different points a1, a2, a3 has the following expansion
π˜(τ) = a1 + 16
(a1 − a3)(a2 − a1)
a2 − a3 q2 + 128(a1 − a3)[2
(a2 − a1)2
(a2 − a3)2 −
a2 − a1
a2 − a3 ]q
2
2
+O(q3
2
).
as τ → a1, i.e., q2 → 0. Similarly, Corollary 2.2 gives the asymptotic expansion of
the Kobayashi-Royden metric
χ
CP
1\{a1,a2,a3}
(p; v) = − |a2 − a3|
16|a1 − a2||a3 − a1|
1
p log |p|
{
1 + 8
[
(1− 2a2 − a1
a2 − a3 )p
− Re(1− 2
a2−a1
a2−a3
)p
log |p|
]
+O(p2)
}
||v||,
INVARIANT METRICS ON THE PUNCTURED SPHERES 11
where p = (a2−a3)16(a1−a2)(a3−a1)(p−a1) for convenience. The Wu metric on CP
1\{a1, a2, a3}
has the following asymptotic expansion
h
CP
1−{a1,a2,a3}
(p; v, v) =
|a2 − a3|2
256|a1 − a2|2|a3 − a1|2
1
p2 log2 |p|
{
1 + 16
[
(1− 2a2 − a1
a2 − a3 )p
− Re(1− 2
a2−a1
a2−a3
)p)
log |p|
]
+O(p2)
}
||v||2.
Examples 4.3 (The covering space CP1\{a1 = 0, a2, . . . , a12}). The covering map
π5 : H→ CP1\{a1 = 0, a2, . . . , a12} has expression
π5 =
π5(τ)
A
= q
5
+Bq2
5
+B2q3
5
+B3q4
5
+B4q5
5
+
∞∑
m=6
Pm(B)q
m
5
, (4.2)
where the value of B is determined by the collection of punctures {a1 = 0, . . . , a12}
(see [Qia19], Example 8.4). The Kobayashi-Royden metric is given by
χ
CP
1−{a1=0,...,a12}
(p; v) = − 1|p| log | p
A
|
∣∣∣∣∣1−
(
B
A2
p− Re(
B
A2
p)
log | p
A
|
)
+O(p2)
∣∣∣∣∣ ||v||,
as p→ 0. The Wu metric is given by
h
CP
1−{a1=0,...,a12}
(p; v, v) =
1
|p|2 log2 | p
A
|
∣∣∣∣∣1− 2
(
B
A2
p− Re(
B
A2
p)
log | p
A
|
)
+O(p2)
∣∣∣∣∣ ||v||2.
5. Higher dimensional case
We want to point out that our approach to obtain the explicit Kobayashi-Royden
metric and the Wu-metric on the punctured spheres can be generalized to the higher
dimensional complex manifolds which admit the holomorphic covering space. In par-
ticular, when a complex manifold M admits the holomorphic covering
π : Bn →M,
where Bn is the unit disk in C
n, then the Kobayashi-Royden metric must be the
same as the complete Ka¨hler-Einstein metric which follows from Theorem 2.1 (also
see Theorem 7.3.1 and Corollary 7.6.4 in [GKK11]). Hence it suffices to determine
the covering map explicitly to determine the Kobayashi-Royden metric and the Wu
metric. To the best of authors’ knowledge, we do not know the class of complex
manifolds that the Kobayashi-Royden metric is indeed the complete Ka¨hler-Einstein
metric except for the case above. One of the classes of complete Ka¨hler manifolds that
the Kobayashi-Royden metric and the complete Ka¨hler-Einstein metric are equivalent
is recently investigated (see Theorem 1.3 in [WY18]).
Lastly, let us remark the case of smooth projective varieties over C. For any smooth
projective curve of the general type, i.e., the compact Riemann surfaces of genus ≥ 2,
the Kobayashi-Royden metric coincides with the complete Ka¨hler-Einstein metric
which follows from Theorem 2.1 and the classical uniformization theorem. However,
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this does not hold on smooth projective varieties of the general type when dimension
≥ 2. Let us illustrate this with one class of the projective surfaces of the general type:
it is known that the Cartesian product X = Y × Y of a projective curve Y of genus
≥ 2 has the Kodaira dimension 2 (see [GH94]). Since D×D becomes the holomorphic
covering of X, the exact same arguments of Proposition 3.1, 3.4 and 3.5 will work
as well. Hence on X, the Kobayashi-Royden metric is different from the complete
Ka¨hler-Einstein metric, but those two metrics are equivalent.
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